ON THE UNIQUENESS OF WEAK SOLUTIONS FOR THE 3D 
NAVIER-STOKES EQUATIONS 



QIONGLEI CHEN, CHANGXING MIAO, AND ZHIFEI ZHANG 

Abstract. In this paper, we improve some known uniqueness results of weak so- 
lutions for the 3D Navier-Stokes equations. The proof uses the Fourier localization 
technique and the losing derivative estimates. 



1. Introduction 
We consider the three dimensional Navier-Stokes equations in M 3 

u t — An + u ■ Vn + Vp = 0, 

divu = 0, (1.1) 
n(0) = uq(x), 

where u = {u l (t, x), u 2 (t, x), n 3 (i, x)) and p = p(t,x) denote the unknown velocity 
vector and the unknown scalar pressure of the fluid respectively, while uq{x) is a 
given initial velocity vector satisfying divno = 0. 

In a seminal paper [21] . J. Leray proved the global existence of weak solution with 
finite energy, that is, 

u(t,x) G C T = f L°°(0,T;L 2 ) n L 2 (0,T; H 1 ) for any T > 0. 

It is well known that weak solution is unique and regular in two spatial dimensions. In 
three dimensions, however, the question of regularity and uniqueness of weak solution 
is an outstanding open problem in mathematical fluid mechanics. In this paper, we are 
interested in the classical problem of finding sufficient conditions for weak solutions 
of such that they become regular and unique. Let us firstly recall the definition 
of weak solution. 



Definition 1.1. Let no G L (R ) with divno = 0. A measurable function n is called 
a weak solution of (jl.ip on (0, T) x M 3 if it satisfies the following conditions: 

(1) u G Ct n C w ([0, T]; L 2 ), where C w ([0, T]; L 2 ) consists of all weak continuous 
functions with respect to time in L 2 (M 3 ); 

(2) divn = in the sense of distribution; 

(3) For any function ip G Cfi°([s,t] x M 3 ) with div^ = 0, there holds 
r-t r 

{u-ipt-Vu-Vip + S/ip : (u® u)}(t', x)dxdt' 



u(t, x) ■ ip(t,x)dx — / u(s,x) ■ ip(s,x)dx; 
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In addition, if u satisfies the energy inequality 

Kt)||| + 2 / \\vu(t')\\ldt' < (Kill, 



J 

it is also called a Leray-Hopf weak solution. 

The Leray-Hopf weak solutions are unique and regular in the class 

V = L q (0,T;L r ) with - + - = 1, 3<r<oo, [11,14,15,25,27] 

q r 

or V = L q (0, T; W l ' r ) with - + -=2, - < r < oo, [1] 

q r 2 

or V = L q (0,T;W s ' r ) with - + - = 1 + a, - < r < oo, s > 0, [261. 

q r 1 + s 

Recently, there are many researches devoted to refine the above results. First of all, 
we have the following refined regularity criterion in the framework of Besov spaces: 
the weak solutions are regular in the class 

V = C([0,T];B-] oo ) or V = L*(0, T; f£ )00 ), 

with | + | = 1 + r, Y=pp < p < oo, and -1 < r < 1, see [41 \E[ Tf\ [T5] . Concerning the 
refined uniqueness criterion of weak solutions, Kozono and Taniuchi[16j proved the 
uniqueness of the Leray-Hopf weak solutions in the class 

V = L 2 (0,T;BMO); 

Gallagher and Planchon[12j proved the uniqueness in the class 

V = L q (0, T; Bpt + v + ~ q ) with - + - > 1; 

P q 



Lemarie-Rieusset[19j proved the uniqueness in the class 

V = C{[0,T};X[ 0) ) or V = ( , T; X r ) with re[0,l); 

Finally, Germain [13] proved the uniqueness in the class 

V = C{[0,T};X[ 0) ) or V = ( , T; X r ) with re [-1,1). 

Here Bp denotes the Besov space and 

( M(H S ,L 2 ), if s e (0,1] 
X s := I A s BMO, if s G (-1,0] 
[ Lip, if s = —1, 

where M(ij s , L 2 ) is the space of distributions such that their pointwise product with 
a function in H s belongs to L 2 , A s = (1 — A) 2. X^ denotes the closure of the 
Schwartz class in X s . We want to point out that 

X s ^ A s BMO, if s£ (0,1]. (1.2) 

We refer to [13] for more properties about X s . The key step of their proofs is to find 
a path space V so that the trilinear form 

F(u,v,w) := / / u-Vv-wdxdt 
Jo JR3 

is continuous from (Ct) 2 x P to M. Germain also pointed out that the path space V 
he found is optimal in some sense ( see P. 400 in [13] for precise meaning). 
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The purpose of this paper is to improve the above uniqueness results. 

Theorem 1.2. Let uq,vq G L 2 (M 3 ) with divuo = div^o = 0. Let u and v be two 
Leray-Hopf weak solutions of (jl.ip on (0, T) with the initial data uq and vo respec- 
tively. Assume that 

u€L ff (0,r;B; >oo ), 

with | + | = 1 + ^, x^f < P < oo, r 6 (0, 1], and (p, r) ^ (oo, 1). Then there holds 

iK*)-<*)i+ riiv^-^(oii2^ 

J 

< ll-uo - ^olllexp (e+\\u(t')\\ B r x ydA. 

In particular, if uq = vo, then u = v a.e. on (0,T) x M 3 . 

Remark 1.3. Due to the embedding relation 

B' M ^B' pjO0 g<+oo and A" r BMO C B^, 

Theorem 11.21 is an improvement of the corresponding results given by Gallagher and 
Planchon |12j and Germain [13]. The proof only uses an important observation that 
if u 6 L q (0, T; Bp >00 ) with (p, q, r) as in Theorem 11.21 then u can be decomposed as 

u = u l + u h with u l G L^O, T; Lip) and u h G L«(0, T; L ? ) 
for somep, (f satisfing | + | = l,p > 3, see Lemma l3~Tl 

In the case of r < and (p, r) = (co, 1), using Bony's decomposition and the losing 
derivative estimates, we prove 

Theorem 1.4. Let no G L 2 (M 3 ) with divuo = 0. Let u and v be two weak solutions 
of (jl.ip on (0, T) with the same initial data uq. Assume that u and v satisfy one of 
the following two conditions: 

(a) u G L*(0 } T;fl£ >oo ) and v G L*(p,T;B£ t0O ), where 

2 3 2 3 

— + — = l + ri, — + — = l + r 2 , 

91 Pi 92 P2 

with ri,r 2 G (-1,0], n +r 2 > -1, j^q- < Pi < oo, < p 2 < oo. 

(b) «,ueL 1 (0,T;Bi o>oo ). 
Then u = u a.e. on (0,T) x M 3 . 

Remark 1.5. Due to the embedding relation 

X s gA s BMOgB~ s ;00 , a 6(0,1], 

the condition imposed on weak solution in Theorem 1 1.4 1 is weaker than that of Germain 
[IB] and Lemarie-RieussetpjJ]. However, the price to pay is to impose the conditions 
on both weak solutions. 

Remark 1.6. The main novelty of Theorem ll.4l is that weak solutions are uniqueness 
in the class L 1 (0, T; B^ OQ ). In particular, from the inequality 

IMIb 1 oo — CGMh + ||curlu||£o ), (see Section 2 for its proof) (1-3) 
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we can obtain the Beale-Kato-Majda type uniqueness criterion: if weak solutions 
u and v with the same initial data satisfy 

curlu, curb; G L 1 (0, T; B^^), 

then u = v on (0, T) x M 3 . Secondly, Theorem 11.41 allows us to impose different 
conditions on both weak solutions. Thirdly, we don't impose the energy inequality 
on weak solutions. 

Remark 1.7. Chemin and Lemarie-Rieusset[6j [20] proved the uniqueness of weak 
solutions in the class C([0, T]; -B" 1 ^). While, Theorem O gives the uniqueness in 
the class L 1 (0, T; B^ 00 ). It is natural to expect that the uniqueness also holds in 

2 

the class L 1 + r (0, T; B^ ^) for r G (— 1, 1) from the viewpoint of interpolation. This 
problem remains unknown for the case of r G ( — 1, — ^]. 



Notation. Throughout the paper, C stands for a generic constant. We will use the 
notation A < B to denote the relation A < CB, and || • || p denotes the norm of the 
Lebesgue space LP . 

2. Preliminaries 

Let us firstly recall some basic facts on the Littlewood-Paley decomposition, one 
may check [5] for more details. Choose two nonnegative radial functions x> ¥ £ 5(K 3 ) 
supported respectively in B = {£ G M 3 , |£| < f } and C = {£ G K 3 , § < |£| < §} such 
that for any £ G M 3 , 

Let /i = J r ~ 1 <fi and fa = J"" X> the frequency localization operator Aj and are 
defined by 

A,-/ = <p(2-'D)f = 2^ [ h@y)f{x - y)dy, for j > 0, 

Sjf = x(2-'D)f = V A k f = 2^ [ h^y)f(x - y)dy, and 

-i<k<j-i 3 
A_i/ = 5 /, A,/ = for j<-2. 
With our choice of one can easily verify that 

Aj-Afc/ = if |j - k\ > 2 and 
A j (S k - 1 fA k f) = if |i-A;|>5. 
For any / G S'(R 3 ), we have by (j2Tj) that 

/ = S (/)+E A ^> ( 2 - 3 ) 

which is called the Littlewood-Paley decomposition. In the sequel, we will constantly 
use the Bony's decomposition from [2] that 

uv = T u v + T v u + R(u,v), (2-4) 

with 

T u v = Sj-iuAjv, R(u,v) = AjuAj'V, 
i |i'-il<i 



UNIQUENESS FOR THE NAVIER-STOKES EQUATIONS 5 

and we also denote 

T' u v = T u v + R(u,v). 

With the introduction of Aj, let us recall the definition of the inhomogenous Besov 
space from [29] : 



Definition 2.1. Let s G R, 1 < p,q < oo, the inhomogenous Besov space Bp q is 
defined by 



C = {/£5'(1 3 ); <oc}, 



where 



B a 



i 



^IIA^IIIJ*, for g<oo, 

i=-\ J 
sup 2 3S \\ Aj/||p, for q = oo. 
j>-i 

Let us point out that ^ is the usual Holder space C s for s € R \ Z and the 
following inclusion relations hold 

LipCi4 j00 , A-MOCB^ forsGR. 

We refer to [13(. [29] for more properties. 

The following Bernstein's inequalities will be frequently used throughout the paper. 

Lemma 2.2. [5] Let 1 < p < q < oo. Assume that / € LP , then there hold 
supp/ C {|e| < C2^'} < C2^ +3Kl P -^\\f\\ p , 

S u V pfc{^2i<\Z\<Cy}^\\f\\ p <C2-^ sup 

° l/3|=H 
Here the constant C is independent of / and j. 

We conclude this section by a proof of the inequality (|1.3p . Using Lemma 12,21 we 
have 



and for j > 0, 



IA 

— l^lloo ^ C||u||2, 



2- ? ||Ajii|| tX3 < C||AjVit| 



Due to the Biot-Savart law [23]. Vu can be written as 

Vu(x) = Cw(x) + K * w{x), w = curlu 

where C is a constant matrix, and if is a matrix valued function with homogeneous 
of degree —3. So, we get that for j > 0, 

2 J ||A ju\\oo < C||Ajit?|| 

where we used the fact that 

\\&j(Tf)\\ p < CWAjfWp, for i>0,l<p<oo, 

if T is a singular integral operator of convolution type with smooth kernel [28] . Then 
the inequality (|1.3p is concluded from the definition of Besov space. 

3. Proofs of Theorems 
This section is devoted to the proof of Theorem 11.21 and Theorem 11.41 



6 QIONGLEI CHEN, CHANGXING MIAO, AND ZHIFEI ZHANG 

3.1. The proof of Theorem ll.2l The proof is based on the following decomposition 
lemma which may be independent of interest. 

Lemma 3.1. Assume that u G L 9 (0, T; B T poD ) with | + | = 1 + r, ^ < p < oo,r £ 
(0, 1], and (p, r) ^ (oo, 1) Then u can be decomposed as 

u = u l + u h with u l € L 1 (0, T; Lip) and u h £ L«(0, T; 27) 

for somep, (f satisfing | + | = l,p > 3. 

Proof. Fix N £ N to be determined later on. We set 

u l = Snu, u h = u — u l . 

By the definition of Sn and Lemma 12.21 we have 

||V^][oo < C 2 j(1+ l ) ||A J u|| p < C2 2{1 -« )N \\u\\ B r pt0o . (3.1) 

j<N-l 

Due to the conditions on (p, q, r), we can choose p such that 

3 3 

p > max(3,p) and — — r < 0. 

p p 

Thus, by Lemma 12.21 

\\u% < 2 ( i"^||A^|| p < C2 { l-l~ r)N \\u\\ B r poo . (3.2) 

j>N 



Now we choose 



N 



2 log 2 (e+||«|| B r i0c ; 



+ 1. 



Then by (|3.ip . we have 

cT ,-T 



(3.3) 



J WWtyWoodtKC J (e+K*)||^ iao ) 9 «tt <+oo. 
On the other hand, from (|3.2|) we get that 

\\u\t)\%dt < C [ T (e+\\u(t)\\ B rYdt < +oo. (3.4) 



Hence, we complete the proof of Lemma [331 by (|3.3p and (|3.4p . □ 

Lemma 3.2. Let u, u be as in Theorem 11.21 Set w = u — v. Then for any t E [0, T], 
there holds 

(u(t),v{t)) + 2 / (Vn, Vv)dt' = (u ,v ) + / (w ■ Vu,w)dt' . 
Jo Jo 

Proof. Lemma 13 . 1 1 ensures that the trilinear form 

F(u,v,w) := / / u-Vw-vdxdt 



>o JR 3 

\2 



is continuous from (£t) x ^> ^p,oo) t° Then the lemma can be proved by 
following the argument of Lemma 4.4 in [13] . Here we omit the details. □ 
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Now we are in position to prove Theorem 11.21 Since u and v are the Leray-Hopf 
weak solutions, there hold 

IKOII2 + 2 /V^OII^Iklli, 

\\v{t)\\l+2 f \\Vv(t')gdt' < \\v \\l 
J 

On the other hand, Lemma 13,21 yields that 

(u(t),v{t)) + 2 / (V«,V«)di' = (it ,uo> + / (w ■Vu,w)dt'. 
Jo Jo 

Combining the above inequalities, we obtain 

IK*)lli + 2 f \\vw(t')\\ldt' 

r\\\2jj.l 1 o / IIvt„./-j-/M|2 jj./ 



J 

= K*)||l + |K<)||l-2(«,t;)(t)+2 / ||Vn(0l!^' + 2 / \\Vv(t')f 2 dt' 

Jo Jo 

-4 f (Vu,X7v)(t')dt' 
Jo 

< \\u - v \\l - 2 (w-Vu,w)dt'. (3.5) 
Jo 

We decompose u = u l + as in Lemma 13.11 and rewrite 

(w ■ Vu, w)dt' = / (w -Vu l ,w)dt' + / (w -Vu h ,w)dt'. 
Jo Jo 

We get by Holder inequality that 

' H0ll2l|Vu'(0l|oc^'. (3.6) 







[ (w-Vu l ,w)dt' 




Jo 


j 



t rt 

h „.,\,ul — / /„.. V7„„ „.h\M> 



Integration by parts, we get 

(w ■ Vu h , w)dt' = - I (w Vw, u h )dt' 
Jo 

from which and the Gagliardo-Nirenberg inequality, it follows that 

/ (w-Vu h ,w)dt' < [ \\Vw\\2\\w\\ 2p \\u h \\pdt' 
Jo Jo p- 2 

< c f \\v w \\ 2 \\w\\l~*\\vw\\$\\u h \\pdt' 



< c\ IHOll 2 V(* / )llf^ / + / ||VtB(Olll^. 
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This together with (|3.5p and (|3.6p gives 

\\w(t)\\ 2 2 + [' \\Vw(t')gdt' 



t 

'M|2/|ir7„,i/j./\|i , \\„,h/j./\\\q\ 



<||«o-«0|r + C / lk(0ll2(l|Vn'(0lloo + ||n ft (0ll|)^'. 



o 



This jointed with the Gronwall inequality produces that 

IK*)lll+ f \\vw(t')\\ldt' 

Jo 



< \\u -v \\ 2 exp{C j\\\Vu l (t')\\^ + \\u^t')\\l)dt'} 

< \\u -v \\ 2 2 exp{C [ (e+\\u(t')\\ Br )"dt'}. 

Jo 

This finishes the proof of Theorem 11.21 □ 

3.2. The proof of Theorem 11.41 Assume that u and v are two weak solutions of 
(jl.ip on (0, T) with the initial data uq. Let w = u — v, w satisfies the equation in the 
sense of distribution 

w t - Aw + w ■ Vu + v ■ Vw + Vp = 0, (3.7) 
for some pressure p. In what follows, we denote 

Uj = AjU, pj = Ajp. 
We get by taking the operation Aj on both sides of (|3.7[) that 

d t Wj - Awj + Aj(w ■ Vu) + Aj(v ■ Vw) + Vpj = 0. (3.8) 
Multiplying ()3.8I) by Wj, we get by Lemma 2.1 for j > — 1 that 

— Wwj^g + ca^Wwj^g 

< —(Aj(w ■ Vu),Wj) — (Aj(v ■ Vw) — v ■ X7wj,Wj), (3-9) 
with a_i = and aj = 1 for j > 0. Here we used the fact that 

(Aj(v ■ Vw),Wj) = (Aj(v • Vw) — v ■ Vwj,Wj). 

Case 1. u and v satisfy the assumption (a). 

Due to T\ + T2 > —1, one of r\ and r 2 must be bigger than — \. Without loss of 
generality, we assume that r\ > — \. 

Step 1. Estimate of (Aj(w ■ Vu),Wj). 

Using the Bony's decomposition (|2,4p . we have 

Aj(w ■ Vu) = AjiT^diu) + AjiT^w 1 ) + AjR(w\diu). 

Considering the support of the Fourier transform of the term T w idiU, we have 

Aj{T wi diu) = AjiSj^tw^iA^u). (3.10) 



UNIQUENESS FOR THE NAVIER-STOKES EQUATIONS 

This gives by Lemma 12.21 that 



WA^d^h < £ 2^" IIA^IIj^HA 



|j'-j|<4 k<j'-2 P1 



.jiU\\p 1 



< Yl 2f E 2 fc n||A fc «;|| a ||A i /«|| pi 

j|<4 k<j'-2 

Z ^^l^llflg,. E ^'^IIAi'wIla. (3.11) 

i'<7+2 



Similarly, we have 

A J (T diU w i )= A^^d^A^w 1 ), (3.12) 

b''-j'l<4 

Applying Lemma 12.21 to f)3. 12|) yields that 

1^(7^)112 < E E 2 fe ||A fc n|| 0O ||A j , U ;|| 2 

\j'~j\<ik<j'-2 

< * {1 - ri+ ^\u\\ B? £ \\A f w\\ 2 . (3.13) 



J v\, 

b''-il<4 



Since divio = 0, we have 



AjR{w\diu)= ^ diAjiAj^Af'u), (3.14) 

i',j">i-3;b'-j"|<l 
from which and Lemma 12.21 it follows that 

UA^K, 3^)11^ < V 2^||A i ^|| 2 ||A,v,«|| pi 

P1 +2 

i'J">i-3;b''-i"|<l 

S ^IMIiSU E ^ j ' n \\A f w\\ 2 . (3.15) 

j'>J-3 



Summing up (|3.1ip - (|3.15p . we obtain 

, > - 



(A>-W),^}| < 2^)||n|| B n oo ^2 J % 3 i||A i ^|| 2 || U ; J || 2 



j'<3 



+2 j[1+ ~i ) \\u\\ B r )1 ^ ^2- J " ri ||A J vu>|| 2 ||«; i || 2 . (3.16) 



-•Pi 

i'>i 

Step 2. Estimate of ( Aj(v ■ Vw) — t> • Vwj, Wj). 
Using the Bony's decomposition (|2.4p . we write 

Aj(v ■ Vw) = AjiT^diw) + Aj(T 9iW v i ) + AjR(v\diw), 
v ■ Vwj = T v idiWj + Tg. w .v\ 

Then we have 

Aj (v ■ Vw) — v ■ Vwj 

= [AjMdiW + A^Tq^v') + AjR(v\diw) - T' d v\ 
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Similar arguments as in deriving (|3.1ip and (|3.15p . we have 

l|Ai(W)lla<2-^||t;||^ >iio E 2 J " (1+ ^||A^|| 2 , (3.17) 

i'<i+2 

WAjRiv^diw)^ < V >\\v\\ B r* V (3.18) 

P2 '°°i'>.-3 

In view of the definition of TL „„ v l , 

T k w /= E S r+2 A,d t wA f v\ 

and note that Sji + 2Ajiv = Ajw for > j, we get 

(Td iWj v\wj) = E (Sj>+2Ajd i wAfV i ,w j ), 
i-2<i'<j 

from which and Lemma 12.21 it follows that 



\{Tk W] v\w )\ < 2 j(1+ -- r2 VllB P l, 00 ll^ll2- (3-19) 
Now, we turn to estimate [T v i, Aj]diW. In view of the definition of Aj, we write 

[T v i, Aj]diW = E [Sj'-iv\ Aj]diWj> 
b''-il<4 

= E 233 I h(^^-y))(S r -iv i (x)-S j ^ l v i (y))d l w jl {y)dy 
b'-i|<4 7k3 

= E 24J / / V-^S j '-xv i {x-Ty)dTd i h{^y)w j >{x-y)dy i 

b'-i|<4 7k37 ° 

(3.20) 

from which and the Minkowski inequality, we deduce that 

oo \\ w j' \\1 

|i'-i|<4 

< 2^ 1+ ^|M k , E H'll* (3.21) 



li'-j'l<4 



Summing up (|3.17p - (|3.2ip . we obtain 

\(Aj(v • Vw) — v ■ Vwj,Wj] 



<2-^||HI B ; i , 00 E 2J " (1+ " ) ll A ^ u; ll2iKll2 

j'<? 



+2 j(1+ - ) ||^ll^. 00 E 2 ^" r2 ll A / w ll2ll^lb- (3-22) 

i'>i 



Under the assumption (a), we can choose s such that 

— j"i < s < min(l + ri, 1 + r 2 ). (3.23) 
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From ([32]), (POID and (13^21) . it follows that 

2- 2j 1l^(t)|li+«,2 2 ^ 1 ^ ) f \\ Wj {t')\\ldt' 

Jo 

J ° j'<3 

+ /Vll^ 0O 2 j(1+ ^- 2s) ^2-^||A,^|| 2 ||^|| 2 dt' 
+ /Vll^ oc 2^(^)^2^ 1+ ^)||A,^|| 2 || W ,|| 2 ^ 

J ° 3'<3 

+ f IMkl 00 2 ' (1+ ^" 2S) E 2-^ 2 ||A /W || 2 ||^|| 2 ^ 



We set 



I + 11 + III + IV. (3.24) 



W(t) = sup 2-^11^(0112. 

i>-i 



Using (|3.23|) and the Young's inequality, we obtain 

I < Y,1 (j '- j)(ri+s) /"Vll B ;^^(0^(2 /(1_s) ||A / u»|| 2 ) 1_ ^2^ 1 - s )||ti; j || 2 (it' 
j'<j Jo 

< C( [ \\u\\v W(t') 2 dt') 51 ( sup 2 2 ^- s ) / ll^-^OIII^'K 

< C f \\u\\% W{t'fdt' + 5 sup 2 2j ^ C \\ W j(t')\\ldt' , 

JO B Pl.°o j>-l J 



and for II, we have 



< cf \\u\\% W{t'fdt' + 5 sup 2 2 i( 1 - s 1 f \\ Wj {t')\\ldt', 

JO B Pl,oo • > _ 1 J Q 



'0 "Pl.oo j> 

and similarly for IV 



IV <C I \\v" q2 

/O -P2.°° j>- 



Br, 2 



W{t'fdt' + 5 sup 2 2 ^- s ) / \\ Wj {t')\\ 2 2 dt', 

3>-l JO 



and for 



/// < V2(^^ 1+, ' 2+s ' f t \H B r2 W(t')^(2 j '^\\A j/W \\ 2 ) 1 '^2 j ^\\w j \\ 2 dt' 



j'<3 

< C j \\v\\% 2 W(t') 2 dt' + 5 sup 2 2j ^ f \\wj(t')\gdt' . 

3>-l Jo 



^p 2 .°° j>- 
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Collecting these estimates with (|3.24p implies that 

W{tf<C AlKOlIgn +IKOllSm )W(t'fdt'. 

This together with the Gronwall inequality shows that 

W(t) = 0, i.e. u = v = 0. 

This completes the proof of case (a). 

Case 2. u and v satisfy the assumption (b). 

Since u and v are non-Lipshcitz vectors, we will use the idea of the losing derivative 
estimate which was firstly introduced by Chemin and Lerner[7]. We can refer to [9j 
for a systematic study. Recently, Danchin and PaicupH] applied this idea to prove the 
uniqueness of weak solution for the 2-D Boussinesq equations with partial viscosity. 
The present proof is motivated by [10J. We also refer to (3j l22"j [23] for the other 
applications about the losing derivative estimate. 

Let s G (0, 1). For A > 0, we set 

W^(t) = 2--» a e- Ae ^*)||u; i (t)||2, 

where Sj(t) is defined by 

6j(t)= /V v (1^^(01100 + 1^^^01100)^'. 

We get by <^M) that 

jWf(t) + Ae£(t)W/(i) + a^W^t) < 2"^-^) (||A> • V«)|| 2 

+ \\Aj(v ■ Vw) - v ■ Vwj + ^2 diWjAj^y). (3.25) 

i'>i 

Here we used the fact that 



{diWjAj*v l ,Wj) = —(AjidiV l Wj,Wj) = 0. 
Since W^ A (0) = 0, we get by integrating (|3.25j) on [0,t\ that 

W 3 x (t) + X f* e'^W^t'W + aj 2 2 J [ Wf{t')dt' 
Jo Jo 

<2^ s ( e-^^WAjiw Vu)(t')\\ 2 dt' 
Jo 

+2~ js [ e - Ae ^*') \\Aj(v ■ Vto) - v ■ Vwj + V diWjAj 
Jo 



v l \\ 2 {t')dt' . (3.26) 

j'>3 



Step 1. Estimate of ||A_j(io • V«)|| 2 . 

Using the Bony's decomposition (|2.4p . we write 

Aj(w ■ Vu) = Aj{T^diu) + Aj(Tg iU w i ) + AjR^w'^diu) 
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By (|3.10p and Lemma 12.21 we get 

HA^^Ih < Yl 2f E IIAfcwIlallAj/uHoo 

\j'-j\<4 k<j'-2 

< 2f E 2 fes e A ^W^ A (t)||A / n|| 00 
\j'-j\<4 k<j'-2 

< Y 2 J "V^' (t) W^ A (t)4(t). (3.27) 

j'<j+2 

By (j37L2]) . (Em]) and Lemma we have 

l|A,(T^)|| 2 < E 2 fe ||A fe u||oo||A,H| 2 

\j'-j\<4k<j'-2 

< Y, y' s e X£ >' (t) W}(t) Y 2 fc ||A fcU ||oo 

\j'-j\<4 k<j'-2 

< Y y' s e X£ i' {t) Wp(ty 3 (t), (3.28) 
|i'-il<4 

and 

HA^K.a^lb < 2^||A,v W || 2 ||A j „n|| 0O 

i'j">i-3;|j'-j"|<l 

< Y 2^"^e A£ ,'W^ A (t)||A r n|| 00 
i'j">i-3;|j'-j"|<l 

< Y ^'^-^e^'^Wpi^it). (3.29) 
i'>i-3 

Summing up (|3.27p - (|3.29p . we obtain 

2~ js e-^^WAjiw ■ Vu)(t')\\ 2 dt' 
Jo 



< 

j'<3 



+ Y 2- (j "- j)(1 - s) f e x ^'^- £ ^Wp(t%(t')dt>. (3.30) 

Step 2. Estimate of ||Aj(i> • Vw) — u • Vu>j + djUijAj/?/^. 

Using the Bony's decomposition (|2,4p . we write 
Aj(-u • Vw) — v ■ Vvjj 

= [Aj,T vl ]d lW + Aj(Tg iW v i ) + A,R(v\d iW ) - T' d . w .v\ 
Similar to the proof of (I3.27|) and (13.290 , we get 

||A,(W)|| 2 < Y ^e^W^e'^t), (3.31) 

j'<j+2 

\\AjR(v\diw)\\2 < Y ^ {s ' l)+3 ^ £l ' (t) W}{t)e' r {t). (3.32) 
i'>i-3 
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Using the formula (|3.20p again, we have 

\\[A v T vl ]d iW \\2< £ y' s e x ^W}{t)e' 3 {t). (3.33) 
li'-i|<4 

Note that 

T kw/ ~ £ di w i A f vi = S r+2 A j d l wA j ,v i , 

f>3 j-2<j'<j 

it gives by Lemma 12.21 that 

W T d iW / ~ E OivAfv'h Z y s e^(t) W f(t)e>(t). (3.34) 

j'>3 

Summing up (|3.31|) - (j3.34f) . we obtain 

2~i s f e- X£ ^\\Aj{v -Vw)-v- Vu^XOIk^' 



o 



i'<i h 

+ £ ^^A^-^wPity^dt'. (3.35) 



< 



f>3 

From ([326]), (|330l) and J335J), it follows that 

W/(f) + A / ^(0^/(0^' + a,2 2 i / 1^/(0^' 



o 



< 



+ £ 2 -0"-;)(i- S ) /" e Ms'(*')-i(*')) W A (t / )e / /(t / )dt / 

/ + //. (3.36) 



Write 



4(0 = 4(0 + ( £ ;.(o -4(0), 

and note that £j(t?) — e 'ji{t') > for j > f, we obtain 



I < Y, 2 (i '- j)s f W}{t')e' r {t')dt' + 1 V 2^> sup V^(0, (3.37) 
^ Jo X ^ fe[o,t] 



here we used the inequality 

ft 

e 



o 



Me, (f)- e ,(f )) (e / (0 - ^(O)^ < p for / < J. 



Since Sji(t') — £j(t') is an increasing function in t' for j' > j, we have 

II <J2 2 ~ (j '' j)(1 ~ S)eX{ei ' {t) ~ £jm f WfWj'it')^ ■ ( 3 - 38 ) 
^i-~>^ Jo 



Let us for the moment assume that 



KMl^o^b^ + Mv^b^^)) < (1- a) log 2. (3.39) 
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Notice that 



£ r {t)-£j{t) < W -j) (|M|zi(0,t;Bi, iOO ) + IHl^O^B^)), 



which together with (|3.38p ensures that 



II < fwp{t')e' f {t')dt'. 



(3.40) 



Jo 



Summing up f)3.36j) . (|3,37p and (|3.40p . we obtain 



sup Wf(t') + \ sup / e'jit^Wfit^dt' + sup 2 2j / Wf{t')dt' 





from which, we get by taking A big enough that 



sup WHt') = 0. 



j>-i,t'e[o,t] 



On the other hand, the assumption (b) ensures that we can choose t > small 
enough such that (13.39P holds. Thus, u = v on [0,t], and then we can conclude 
that u = v on [0, T] by a standard continuity argument. The proof of case (b) is 
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